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1. INTRODUCTION
Problems involving thermoelastic contact arise naturally in many situa-
tions, particularly those involving industrial processes when two or more
materials may come in contact or may lose contact as a result of thermoe-
lastic expansion or contraction. Such thermoelastic phenomena can be
divided into three parts: static, quasistatic, and full dynamic.
The quasistatic and static cases with various boundary conditions have
w xbeen widely studied 1, 2, 5, 7, 12, 17]19 , both numerically and theoreti-
cally. Various kinds of existence, uniqueness, and stability results are
established. These papers contain a variety of linear and nonlinear bound-
ary condition, but in each case the problem involves both a single tempera-
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ture and a single displacement, so that reformulation leads to one nonlin-
ear equation for a single temperature.
In contrast, the fully dynamic problem is different from that of the
quasistatic case. The quasistatic system can be viewed as being of mixed
elliptic]parabolic type, while the dynamic case is of mixed
hyperbolic]parabolic type. The latter is more complicated, and we have
only a few results concerning existence and uniqueness.
Mathematically this problem is an example of a variational inequality,
where a constraint is imposed on the unknown function u rather than on
the time derivative of u.
In spite of the obvious importance of the subject in the applications,
there are relatively few mathematical results about general problems of
plate contact. A general variational inequality model was derived in
w xDuvaut and Lions 8 , where evolution problems with unilateral conditions
were considered. The existence of weak solution was proved under the
assumption that the body and the rigid foundation are in constant contact.
The wave equation with Signorini's contact condition was considered by
w xKim 3 . Using the penalty method, together with the compensated com-
pactness method, Kim derived the variational inequality, which is equiva-
lent to the contact problem.
w xRecently, Shi and Shillor 13 proved the existence of a solution to the
n-dimensional quasistatic thermoelastic contact problem, provided the
coefficient of thermal expansion is sufficiently small. The one-dimensional
quasistatic problem of thermoelastic contact was considered in a series of
w x w x w xpapers by Gilbert et al. 12 , Shi and Shillor 17, 18 , Shi et al. 19 , and by
w xCopetti and Elliot 5 . The problem was formulated as a fully coupled
w xvariational inequality in 12 and the existence of strong solution was
w xestablished. Numerical aspects of the problem were considered in 19 and
w xin 5 . In particular, Copetti and Elliot obtained error estimates using the
finite element method and proved the existence of periodic solutions. The
foregoing papers provide no information on the asymptotic behavior of the
solution.
Let us denote by V an open bounded set of R2 with smooth boundary
› V. We assume that the boundary is divided into two parts:
› V s G j G , G l G s B, G with positive measure.0 1 0 1 0
Ž .Let us denote by n s n , n the unitary external normal of › V and by1 2
Ž .t s yn , n the unitary tangent positively oriented. Let m be a positive2 1
constant, 0 - m - 1. Let a be a positive constant and M be a real
w wfunction defined on 0, ‘ . The aim of this paper is to study the contact
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problem for thermoviscoelastic plates. The system in question is
2 < < 2 x wu q D u y M =u dx Du y Du q a Du s 0 in V = 0, T , 1.1Ž .Ht t tž /
V
x wu y Du y a Du s 0 in V = 0, T , 1.2Ž .t t
with the boundary conditions
x wu s 0 on › V = 0, T , 1.3Ž .
› u
x wu s 0, s 0 on G = 0, T , 1.4Ž .0›n
› u
x wu G 0, G 0 on G = 0, T , 1.5Ž .1›n
› u › u ›ut2< <B u G 0, yB u q M =u dx q y a G 0H1 2 ž / ›n ›n ›nV
x won G = 0, T , 1.6Ž .1
› u
x wB u s 0 on G = 0, T , 1.7Ž . Ž .1 1›n
› u › u ›ut2< < x wyB u q M =u dx q y a u s 0 on G = 0, TH2 1½ 5ž / ›n ›n ›nV
1.8Ž .
and initial conditions
u x , 0 s u x , u x , 0 s u x , u x , 0 s u x in V ,Ž . Ž . Ž . Ž . Ž . Ž .0 t 1 0
1.9Ž .
where
B u [ Du q 1 y m B u ,Ž .1 1
› Du › B u2
B u [ q 1 y m ,Ž .2 ›n ›t
with the operators B and B given by1 2
› 2 u › 2 u › 2 u
2 2B u [ 2n n y n y n ,1 1 2 1 22 2› x › y › y › x
› 2 u › 2 u › 2 u
2 2B u [ n y n q n n y .Ž .2 1 2 1 2 2 2ž /› x › y › y › x
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Here we assume that M is a C1 function satisfying
‘
y‘ - M t dt . 1.10Ž . Ž .H
0
ÃNote that the function M,
s h
Ã Ã ÃM s [ M t dt q M , with yM [ inf M t dt ,Ž . Ž . Ž .H H0 0
w whg 0, ‘0 0
is nonnegative.
The preceding system models the vertical deflection u of the middle
plane of the plate from its equilibrium position, which, due to the differ-
ence of temperature u , may come in contact or may lose contact with a
rigid foundation as a result of a thermoelastic expansion or contraction.
For plates we have a complicated boundary conditions because the contact
can be produced as a result of bending moment about the tangent or the
normal vector. By a we denote a thermal parameter and by m the Poisson
ratio.
We will show that there exists a weak solution that decays to zero
exponentially as time goes to infinity. We now give a brief outline of this
work. In the next section we show the existence of a weak solution to the
obstacle problem. To do this we use the penalized method. That is, we
define an equation depending on a parameter « , whose solutions are
regular enough to apply multiplicative techniques. Then we show that
when e “ 0, the corresponding solution converges to the solution of the
obstacle problem. To secure estimates for the penalized problem we have
4Ž .to construct a special basis of H V . Finally, in Section 3 we show the
exponential decay of the solution for both the penalized and the contact
problem.
2. EXISTENCE OF SOLUTIONS
2Ž .Let us introduce the subspace V of H V given by
› w
2V [ w g H V : w s 0, s 0 on G .Ž . 0½ 5›n
Let us define the bilinear form
› 2 u › 2 ¤ › 2 u › 2 ¤ › 2 u › 2 ¤ › 2 u › 2 ¤
a u , ¤ [ q q m qŽ . H 2 2 2 2 2 2 2 2½ ž /› x › x › y › y › x › y › y › xV
› 2 u › 2 ¤
q2 1 y m dx.Ž . 5› x › y › x › y
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'By Korn's inequality, we have that the functional a ?, ? defines a normŽ .
2Ž .in V equivalent to the norm of H V . In this conditions we can establish
w xthe following lemma due to Duvaut and Lions 4 .
4Ž .LEMMA 2.1. Let us suppose that u and ¤ are functions of H V l V.
Then we ha¤e
› ¤
2D u ¤ dx s a u , ¤ q B u ¤ y B u dG .Ž . Ž . Ž . Ž .H H 2 1 1½ 5›nV G1
w xSee 4 for the proof.
w xNext we summarize a result owing to Kim 3 .
 4LEMMA 2.2. Let us denote by u a sequence of function such thatk
)k ‘ bu ' u weak star in L 0, T ; H V ,Ž .Ž .
uk ' u weak in L2 0, T ; H a VŽ .Ž .t t
when k “ ‘, for a - b. Then we ha¤e
k w x ru “ u strong in C 0, T ; H VŽ .Ž .
for any r - b.
w xSee 3 for the proof.
In that follows we will define what we understand for weak solution. Let
1Ž .us denote by K the convex subset of V and by W the subspace of H V
given by
› w
K [ w g V : w G 0, G 0 on G ,1½ 5›n
W [ w g H 1 V : w s 0 on G .Ž . 40
Ž .DEFINITION 2.1. The couple u, u is a weak solution to the system
Ž . Ž .1.1 ] 1.9 when
u g L‘ 0, T ; K ,Ž .
‘ 2 2 w x y1r2u g L 0, T ; L V l L 0, T ; W l C 0, T ; H V ,Ž . Ž . Ž .Ž . Ž .t
u g L‘ 0, T ; L2 V l L2 0, T ; H 1 V ,Ž . Ž .Ž . Ž .0
u x , 0 s u x , u x , 0 s u x , u x , 0 s u x in VŽ . Ž . Ž . Ž . Ž . Ž .0 t 1 0
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and also
² : y1 r2 1r2u T , ¤ T y u T y u ¤ 0 y u dxŽ . Ž . Ž . Ž .Ž .HŽ . Ž .H V =H Vt 1 0
V
T T
y u ¤ y u dx dt q a u , ¤ y u dtŽ . Ž .H H Ht t t
0 V 0
T 2< <q M =u dx =u =¤ y =u dx dtŽ .H H Hž /0 V V
T T
q =u =¤ y =u dx dt y a =u =¤ y =u dx dt G 0,Ž . Ž .H H H Ht
0 V 0 V
2.1Ž .
T T T
y u z dx dt q =u =z dx dt q a =u =z dx dt s 0 2.2Ž .H H H H H Ht t
0 V 0 V 0 V
‘Ž . ‘Ž 2Ž .. ‘Žfor any ¤ g L 0, T ; K , such that ¤ g L 0, T ; L V , and z g C V =t 0
x w.0, T .
Žw x y1r2Ž ..Remark 2.1. The regularity u g C 0, T ; H V is a consequencet
of the others regularities of u, u , and u established in Definition 2.1 andt
Ž . ‘inequality 2.1 . In fact, taking ¤ s "w q u, where w g C , we easily see0
Ž . Ž x w.that u satisfies Eq. 1.1 in the sense of D9 V = 0, T . Using the
regularity of u and u it follows that
2 w x y2u g L 0, T ; H V .Ž .Ž .t t
Applying Lemma 2.2 for u and u instead of u and u we conclude thatt t t t
w x ru g C 0, T ; H V for r - 0,Ž .Ž .t
1in particular for r s y .2
Ž .Remark 2.2. Assuming more regularity for the couple u, u , Definition
Ž . Ž .2.1 is equivalent to system 1.1 ] 1.9 .
We first show the existence of solutions to the penalized problem. Then
we show that such solutions converge to the solution of the system
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Ž . Ž .2.1 ] 2.2 . Let us fixed e ) 0. The penalized system is given by
e 2 e < e < 2 e e e x wu q D u y M =u dx Du y Du q a Du s 0 in V = 0, T ,Ht t tž /
V
2.3Ž .
e e e x wu y Du y a Du s 0 in V = 0, T , 2.4Ž .t t
with the boundary conditions
e x wu s 0 on › V = 0, T , 2.5Ž .
› ue
e x wu s 0, s 0 on G = 0, T , 2.6Ž .0›n
ye e1 › u › ute x wB u s y e on G = 0, T , 2.7Ž .1 1e ›n ›n
› ue › ue ›u e 1t y2e e e e< < w xyB u q M =u dx q y a s u y e uH2 tž / ›n ›n ›n eV
x won G = 0, T 2.8Ž .1
and the initial condition
ue x , 0 s ue x , ue x , 0 s ue x , u e x , 0 s u e in V .Ž . Ž . Ž . Ž . Ž .0 t 1 0
2.9Ž .
Ž . Ž .Remark 2.3. The variational formulation of 2.3 ] 2.8 is given by
e e < e < 2 eu w dx q a u , w s yM =u dx =u =w dxŽ .H H Ht t ž /
V V V
y =ue =w dx y a =u e =w dxH Ht
V V
ye e1 › u › w › u › wtq dG y e dGH H1 1e ›n ›n ›n ›nG G1 1
1 ye ew xq u w dG y e u w dG , 2.10Ž .H H1 t 1e G G1 1
u ez dx q =u e =z dx q a =ue =z dx s 0 2.11Ž .H H Ht t
V V V
1Ž .;w g V, ;z g H V .0
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Let us introduce the functionals
1 2 2< < < <E t , ¤ , f s ¤ dx q a ¤ , ¤ q f dx ,Ž . Ž .H Ht½ 52 V V
1 2 2 2Ã< < < < < <E t , ¤ , f s ¤ dx q a ¤ , ¤ q M =¤ dx q f dxŽ . Ž .H H He t ž /½2 V V V
2y1 › ¤ 1 2yw xq dG q ¤ dG ,H H1 1 5e ›n eG G1 1
Ã Ãwhere M is such that M9 s M and is taken such that it is nonnegative
w wover 0, ‘ .
1 w wLEMMA 2.3. Let M be a C function o¤er 0, ‘ satisfying the condition
Ž .1.10 . If the initial data satisfy
ue g H 4 V l H 2 V , ue g H 2 V , u e g H 2 V l H 1 V ,Ž . Ž . Ž . Ž . Ž .0 0 1 0 0 0
Ž . Ž .then there exists one unique solution to the system 2.9 ] 2.11 satisfying
ue g L‘ 0, T ; V , ue g L‘ 0, T ; V ,Ž . Ž .t
u e g L‘ 0, T ; H 2 V l H 1 V .Ž . Ž .Ž .0
4Ž . 4Ž .Proof. We first choose a convenient basis to H V lV. Since H V l
2Ž . 4Ž .H V is a closed subspace of H V l V with the usual norm, we can0
make the decomposition
H 4 V l V s H 4 V l H 2 V [ F ,Ž . Ž . Ž .Ž .0
4Ž . 2Ž .where F is the orthogonal complement of H V l H V with relation0
4Ž . 4Ž .to the inner product of H V in the space H V l V. To simplify
notation, in what follows we omit the superscript e in our calculations.
 4 4Ž .Let w : i g N be a basis for the space H V l V such that w gi 2 iy1
4Ž . 2Ž .H V l H V and w g F for any i g N and also that the set0 2 i
 4 2Ž . 1Ž . Ž 2 m 2 m.z : i g N is a basis of H V l H V . Let us denote by u , ui 0
the Galerkin approximations
2m
2 mu ?, t s a t w ? ,Ž . Ž . Ž .Ý i , m i
is1
2m
2 mu ?, t s b t z ?Ž . Ž . Ž .Ý i , m i
is1
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that are the solutions of the system of ordinary differential equations
2 m 2 m < 2 m < 2 2 mu w dx q a u , w s yM =u dx =u =w dxŽ .H H Ht t ž /
V V V
y =u2 m =w dx y a =u 2 m =w dxH Ht
V V
y2 m 2 m1 › u › w › u › wtq dG ye dGH H1 1e ›n ›n ›n ›nG G1 1
1 y2 m 2 mw xq u w dG y e u w dG ,H H1 t 1e G G1 1
2.12Ž .
u 2 mz dx q =u 2 m =z dx q a =u2 m =z dx s 0 2.13Ž .H H Ht t
V V V
 4  4;w g V [ span w , . . . , w , ;z g H [ span z , . . . , z , and with2 m 1 2 m 2 m 1 2 m
the initial conditions
u2 m ?, 0 s u0, 2 m , u2 m ?, 0 s u1, 2 m , u 2 m ?, 0 s u 0, 2 m ,Ž . Ž . Ž .t
where
u0, 2 m [ projection of u0 on V l H 2 V ,Ž .2 m 0
u1, 2 m [ projection of u1 on V l H 2 V ,Ž .2 m 0
u 0, 2 m [ projection of u 0 on H .2 m
It is easy to see that
u0, 2 m “ u0 in H 4 V l H 2 V ,Ž . Ž .0
u1, 2 m “ u1 in H 2 V ,Ž .0
u 0, 2 m “ u 0 in H 2 V l H 1 V .Ž . Ž .0
The existence of solution is guaranteed by the Picard theorem. Our next
2 m Ž .step is to establish the a priori estimates. Taking w s u in 2.12 andt
2 m Ž .z s u in 2.13 we get
22 md › ut2 22 m 2 m 2 m 2 m< < < <E t , u , u s y =u dx y =u dx y e dGŽ . H H He t 1dt ›nV V G1
< 2 m < 2y e u dG .H t 1
G1
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Integrating with respect to the time and keeping in mind that the initial
data are bounded for e ) 0 fixed, the following estimates hold:
u2 m is bounded in L‘ 0, T ; V , 2.14Ž . Ž .
u2 m is bounded in L‘ 0, T ; L2 V l L2 0, T ; W , 2.15Ž . Ž . Ž .Ž .t
u 2 m is bounded in L‘ 0, T ; L2 V l L2 0, T ; H 1 V , 2.16Ž . Ž . Ž .Ž . Ž .0
y2 m› uym ‘ 2w xu , are bounded in L 0, ; L G , 2.17Ž . Ž .Ž .1›n
› u2 mt2 m 2 2u , are bounded in L 0, T ; L G . 2.18Ž . Ž .Ž .t 1›n
Ž .To get the second order estimate, let us differentiate the equations 2.12
Ž . 2 m 2 mand 2.13 with relation to t. Taking w s u and z s u , respectively,t t t
we arrive at
22 md › ut t2 22 m 2 m 2 m 2 m< < < <E t , u , u s y =u dx y =u dx y e dGŽ . H H Ht t t t t 1dt ›nV V G1
< 2 m < 2y e u dG q R q R q R , 2.19Ž .H t t 1 1 2 3
G1
where
< 2 m < 2 2 m 2 m 2 m 2 mR [ y2 M9 =u dx =u =u dx =u =u dx ,H H H1 t t tž /
V V V
< 2 m < 2 2 m 2 mR [ yM =u dx =u =u dx ,H H2 t t tž /
V V
y2 m 2 m1 › u › u 1 yt t 2 m 2 mw xR [ q dG q u u dG .H H t3 1 t t 1e ›n ›n eG G1 1t
Ž . Ž .Using Young's inequality together with relationships 2.14 , 2.15 , and
Ž .2.18 we get
1T T 22 m< < 4R q R q R dt F c e q =u dx dtŽ .H H H1 2 3 0 t t20 0 V
22 me › uT t tq dG dtH H 12 ›n0 G1
e t 22 m< <q u dG dt , 2.20Ž .H H t t 12 0 G1
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2 mŽ . 2 mŽ .where c does not depend on m. Taking t s 0, w s u 0 , and z s u 00 t t t
Ž . Ž . 2 mŽ . 2 mŽ .in 2.12 and 2.13 and integrating by parts we get that u 0 and u 0t t t
Ž .are bounded. Integrating 2.19 with respect to the time variable and
Ž .keeping in mind 2.20 , we get
1 T T2 22 m 2 m 2 m 2 m< < < <E t , u , u F y =u dx dt y =u dx dtŽ . H H H Ht t t t t2 V 0 V
22 me › u eT Tt t 22 m< <y dG dt y u dG dtH H H H1 t t 12 ›n 20 G 0 G1 1
q c e q E 0, u2 m , u 2 m ,Ž . Ž .0 t t
whence it follows that
u2 m is bounded in L‘ 0, T ; V ,Ž .t
u2 m is bounded in L‘ 0, T ; L2 V l L2 0, T ; W ,Ž . Ž .Ž .t t
u 2 m is bounded in L‘ 0, T ; L2 V l L2 0, T ; H 1 V ,Ž . Ž .Ž . Ž .t 0
› u2 mt t2 m 2 2u , are bounded in L 0, T ; L G .Ž .Ž .t t 1›n
From the preceding estimates there exists a subsequence, which we still
denote the same way, and function u and u such that
)2 m ‘u ' u in L 0, T ; V ,Ž .
)2 m ‘u ' u in L 0, T ; V ,Ž .t t
)2 m ‘ 2 1u ' u in L 0, ; H V l H V .Ž . Ž .Ž .0
From Lemma 2.2 we have
2 m w x 2ydu “ u in C 0, T ; H V 2.21Ž . Ž .Ž .
for any d ) 0. Taking d s 1 we conclude that
< 2 m < 2 2 m < < 2 1w xM =u dx u “ M =u dx u in C 0, T ; H V .Ž .Ž .H Hž / ž /
V V
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Taking d s 1r2 and using the trace theorem, we conclude that
y y2 m› u › u
2w x“ in C 0, T ; L › V ,Ž .Ž .
›n ›n
y y2 m 1w x w x w xu “ u in C 0, T ; H › V .Ž .Ž .
The rest of the proof of the existence is a matter of routine. To prove the
Ž 1 1.uniqueness let us suppose that there exists two solutions u , u and
Ž 2 2 . Ž . Ž .u , u of system 2.9 ] 2.11 , denoted by
U s u1 y u2 , Q s u 1 y u 2 .
We have that U and Q satisfy
U w dx q a U, wŽ .H t t
V
< 1 < 2s yM =u dx =U =w dxH Hž /
V V
< 1 < 2 < 2 < 2 2y M =u dx y M =u dx =u =w dxH H H½ 5ž / ž /
V V V
y =U =w dx y a =Q =w dxH Ht
V V
y y1 21 › u › w 1 › u › w
q dG y dGH H1 1e ›n ›n e ›n ›nG G1 1
1 1y y1 2w x w xq u w dG y u w dGH H1 1e eG G1 1
›U › wty e dG y e U w dG , 2.22Ž .H H1 t 1›n ›nG G1 1
Q z dx q =Q =z dx q a =U =z dx s 0, 2.23Ž .H H Ht t
V V V
U x , 0 s 0, U x , 0 s 0, Q x , 0 s 0 2.24Ž . Ž . Ž . Ž .t
1Ž . Ž .for any w g V and z g H V . Taking w s U in 2.22 and z s Q in0 t
Ž .2.23 , we get
2d ›Ut2 2< < < <E t , U, Q s y =U dx y e dG y e U dGŽ . H H Ht 1 t 1dt ›nV G G1 1
q I q I q I q I , 2.25Ž .1 2 3 4
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where
< 1 < 2I [ yM =u dx =U =U dx ,H H1 tž /
V V
< 1 < 2 < 2 < 2 2I [ M =u dx y M =u dx =u =U dx ,H H H2 t½ 5ž / ž /
V V V
y y1 21 › u › u ›Ut
I [ y dG ,H3 1½ 5e ›n ›n ›nG1
1 y y1 2w x w xI [ u y u U dG . 4H4 t 1e G1
Ž < 1 < 2 . 1Since t “ M H =u dx is a C function, using Young's inequality weV
conclude that
2 1 2< < < <I F C =U dx q =U dx ,H H1 1 t4
V V
1r2 1r2




2 22< < < <=u dx =U dxH H tž / ž /
V V
1r2 1r2
2 2< < < <F C =U dx =U dxH H3 tž / ž /
V V
2 1 2< < < <F C =U dx q =U dxH H4 t4ž / ž /
V V
for some positive constants C , . . . , C . Since the function l “ lq is1 4
Lipschitz we get
1 ›U ›Ut
I F dGH3 1e ›n ›nG1
2 21 ›U e ›UtF dG q dG ,H H1 13 ›n 2 ›n2e G G1 1
1
< < < <I F U U dGH4 t 1e G1
1 e2 2< < < <F U dG q U dG .H H1 t 13 22e G G1 1
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Ž .Using the estimates on I , I , I , and I in 2.25 we get1 2 3 4
d
E t , U, Q F C E t , U, Q ,Ž . Ž .edt
Ž .where C is a positive constant. From Gronwall's inequality and 2.24 , wee
get that
U ’ 0, Q ’ 0,
whence our conclusion follows.
Now we are in a position to prove the existence of weak solutions to the
Ž . Ž .variational system 2.1 ] 2.2 .
w w 1THEOREM 2.1. Let M: 0, ‘ “ R be a C function satisfying condition
Ž .1.10 . Then for any initial data satisfying
u0 g H 2 V , u1 g L2 V , u 0 g L2 V ,Ž . Ž . Ž .0
Ž . Ž .there exists at least one weak solution of system 1.1 ] 1.9 .
Ž e . 4Ž . 2Ž . Ž e .Proof. Let us consider the sequence u in H V l H V , u in0 0 1
2Ž . Ž e . 2Ž . 1Ž .H V , and u in H V l H V , such that0 0 0
ue “ u in H 2 V ,Ž .0 0 0
ue “ u in L2 V ,Ž .1 1
u e “ u in L2 V ,Ž .0 0
e Ž . e Ž .when e “ 0. Taking w s u in 2.10 and z s u in 2.11 we havet
2ed › ut2 2e e e e< < < <E t , u , u s y =u dx y =u dx y e dGŽ . H H He t 1dt ›nV V G1
< e < 2y e u dG .H t 1
G1
Ž e e .Integrating with respect to time and since E 0, u , u is bounded, thee
following estimates hold:
ue is bounded in L‘ 0, T ; V , 2.26Ž . Ž .
ue is bounded in L‘ 0, T ; L2 V g L2 0, T ; W , 2.27Ž . Ž . Ž .Ž .t
u e is bounded in L‘ 0, T ; L2 V l L2 0, T ; H 1 V , 2.28Ž . Ž . Ž .Ž . Ž .0
ye1 1 › uye ‘ 2w xu , are bounded in L 0, T ; L G , 2.29Ž . Ž .Ž .1' ' ›ne e
e› ute 2 2' 'e u , e are bounded in L 0, T ; L G . 2.30Ž . Ž .Ž .t 1›n
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So, we have that there exists a subsequence, which we still denote in the
same way, such that
)e ‘u ' u in L 0, T ; V , 2.31Ž . Ž .
)e ‘ 2u ' u in L 0, T ; L V , 2.32Ž . Ž .Ž .t t
ut ' u in L2 0, T ; W , 2.33Ž . Ž .t
)e ‘ 2u ' u in L 0, T ; L V , 2.34Ž . Ž .Ž .
u e ' u in L2 0, T ; H 1 V . 2.35Ž . Ž .Ž .0
‘Ž . ‘Ž 2Ž ..Let us suppose that ¤ g L 0, T , K is such that ¤ g L 0, T ; L V . Lett
e Ž . x wus consider w s ¤ y u in 2.10 . Integrating by parts over 0, T we get
ue T ¤ T y ue T dx y ue ¤ 0 y ue dxŽ . Ž . Ž . Ž .Ž . Ž .H Ht 1 0
V V
T T
e e e ey u ¤ y u dx dt q a u , ¤ y u dtŽ .Ž .H H Ht t t
0 V 0
T 2e e e< <q M =u dx =u =¤ y =u dx dtŽ .H H Hž /0 V V
T T
e e e eq =u =¤ y =u dx dt y a =u =¤ y =u dx dtŽ . Ž .H H H Ht
0 V 0 V
ye e1 › u › ¤ › uT
s y dG dtH H 1ž /e ›n ›n ›n0 G1
› ue › ¤ › ueT ty e y dG dtH H 1ž /›n ›n ›n0 G1
1 T Tye e e ew xq u ¤ y u dG dt y e u ¤ y u dG dt.Ž . Ž .H H H H1 t 1e 0 G 0 G1 1
‘Ž . Ž . Ž .Ž .Since ¤ g L 0, T ; K , we have that ¤ t G 0 and › ¤r›n t G 0 almost
x weverywhere in 0, T . It is easy to see that
ye e1 › u › ¤ › uT
y dG dtH H 1ž /e ›n ›n ›n0 G1
1 T ye ew xq u ¤ y u dG dt G 0,Ž .H H 1e 0 G1
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whence we arrive at
ue T ¤ T y ue T dx y ue ¤ 0 y ue dxŽ . Ž . Ž . Ž .Ž . Ž .H Ht 1 0
V V
T T
e e e ey u ¤ y u dx dt q a u , ¤ y u dtŽ .Ž .H H Ht t t
0 V 0
T 2e e e< <q M =u dx =u =¤ y =u dx dtŽ .H H Hž /0 V V
T T
e e e eq =u =¤ y =u dx dt y a =u =¤ y =u dx dtŽ . Ž .H H H Ht
0 V 0 V
› ue › ¤ › ueT Tt e eG ye y dG dt y e u ¤ y u dG dt.Ž .H H H H1 t 1ž /›n ›n ›n0 G 0 G1 1
2.36Ž .
Ž .Using 2.30 we have
e e› u › ¤ › uT t' 'e e y dG dt “ 0,H H 1ž / ž /›n ›n ›n0 G1
T
e e' 'e e u ¤ y u dG dt “ 0 2.37Ž . Ž .Ž .H H t 1
0 G1
Ž .when e “ 0. From 2.3 we conclude that
ue ' u in L2 0, T ; Hy2 V .Ž .Ž .t t t t
Ž . Ž .From the convergences 2.31 ] 2.32 and from Lemma 2.2, it follows that
e w x 2ydu “ u in C 0, T ; H V , 2.38Ž . Ž .Ž .
e w x y1r2u “ u in C 0, T ; H VŽ .Ž .t t
for any d ) 0. Taking d s 3r2, we get
e e ² : y1 r2 1r2u T w T y u T dx “ u T , w T y u T .Ž . Ž . Ž . Ž . Ž . Ž .Ž .H Ž . Ž .H V =H Vt t
V
2.39Ž .
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Taking d s 1, from the weak convergences we have
T T2 2 2 2e e< < < < < < < <M =u dx =u dx dt “ M =u dx =u dx dt ,H H H H H Hž / ž /0 V V 0 V V
2.40Ž .
T T
e e=u =u Dx dt “ =u =u dx dt , 2.41Ž .H H H Ht t
0 V 0 V
T T
e ea =u =u dx dt “ a =u =u dx dt . 2.42Ž .H H H H
0 V 0 V
Ž . Ž .From 2.33 and 2.38 we get
ue “ u in L2 0, T ; L2 V ;Ž .Ž .t t
that is,
T T2 2e< < < <u dx dt “ u dx dt. 2.43Ž .H H H Ht t
0 V 0 V
From the lower semicontinuity of the norm we arrive at
T T
e elim inf a u , u dt G a u , u dt ,Ž . Ž .H H
e“0 0 0
which is equivalent to
T T
e elim sup y a u , u dt F y a u , u dt. 2.44Ž . Ž . Ž .H H½ 5
0 0e“0
Ž .Taking lim sup when e “ 0 in both sides of inequality 2.36 , recalling the
Ž . Ž . Ž . Ž .convergences 2.37 ] 2.43 , and inequality 2.44 , we get 2.1 . Taking
Ž .d s 1r2 in 2.38 and applying the trace theorem we get
y ye› u › u
2w x“ in C 0, T ; L G ,Ž .Ž .1›n ›n
y ye 1w x w x w xu “ u in C 0, T ; H G .Ž .Ž .1
Ž . Ž .From 2.29 ] 2.30 we get
y
› uyw x w xu , s 0, in G ; t g 0, T ;1›n
therefore,
› u
w xu , G 0, in G ; t g 0, T .1›n
The proof is now complete.
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3. EXPONENTIAL DECAY
Ž . Ž .In this section we will show that the weak solutions of system 1.1 ] 1.9
decay exponentially to zero as time goes to infinity. Let us consider M a
continuous function satisfying
s
w w0 F M t dt F sM s ;s g 0, ‘ . 3.1Ž . Ž . Ž .H
0
Note that any nonnegative and nondecreasing function M satisfies the
foregoing condition; that is
Ã w wM s F sM s ;s g 0, ‘ .Ž . Ž .
1 Ž .THEOREM 3.1. Let M be a C function satisfying 3.1 . If the initial data
satisfy
u0 g H 2 V , u1 g L2 V , u 0 g L2 V ,Ž . Ž . Ž .0
Ž . Ž .then the weak solution of system 1.1 ] 1.9 decays exponentially as time goes
to infinity; that is, there exist positi¤e constants c and g such that
E t , u , u F cE 0, u , u eyg t .Ž . Ž .
e Ž . e Ž .Proof. Let us take w s u in 2.10 and z s u in 2.11 to gett
2ed › ut2 2e e e e< < < <E t , u , u s y =u dx y =u dx y e dGŽ . H H He t 1dt ›nV V G1
< e < 2y e u dG . 3.2Ž .H t 1
G1
Let us denote by R the functionale
21 e › ¤ e2 2< < < <R t , ¤ [ ¤ ¤ dx q =¤ dx q dG q ¤ dG .Ž . H H H He t 1 12 2 ›n 2V V G G1 1
e Ž .Taking w s u in 2.10 we have
d 2 2 2e e e e e e< < < < < <R t , u s u dx y a u , u y M =u dx =u dxŽ . Ž .H H He t ž /dt V V V
2ye1 › u
e eq a =u =u dx y dGH H 1e ›nV G1
1 2yew xy u dG .H 1e G1
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Since ue g W, from Poincare's inequality there exists a positive constantÂt
c ) 0 such that1
< e < 2 < e < 2u dx F c =u dx.H Ht 1 t
V V
Using Young's inequality and Korn's inequality, we conclude that there
exists c ) 0 such that2
1 2e e e e e< <a =u =u dx F a u , u q c =u dx.Ž .H H22
V V
Ž .From relationship 3.1 , we arrive at
d 12 2e e e e e< < < <R t , u F c =u dx q c q =u dx y E t , u , u .Ž . Ž .H He 1 t 2 ež /dt 2V V
3.3Ž .
25 5 'Since the norms ? and a ?, ? are equivalent in V from the traceŽ .H ŽV .
theorem, there exists a positive constant c ) 0, such that for e F 1 we3
have
e e eR t , u F c E t , u , u . 3.4Ž . Ž . Ž .e 3 e
Ž . Ž . Ž .Multiplying Eq. 3.2 by k large enough, from relationships 3.3 and 3.4
we get
d
e e e e ek E t , u , u q R t , u F yE t , u , u 3.5 4Ž . Ž . Ž . Ž .e e edt
and
k
e e e e e e eE t , u , u F k E t , u , u q R t , u F 2k E t , u , u . 3.6Ž . Ž . Ž . Ž . Ž .e e e e2
Ž . Ž .Combining 3.5 and 3.6 , we get
d 1
e e e e e ek E t , u , u q R t , u F y k E t , u , u q R t , u . 4  4Ž . Ž . Ž . Ž .e e e edt 2k
Integrating with respect to the time variable and using Gronwall's inequal-
ity, we have
k E t , ue , u e q R t , ue F k E 0, ue , u e q R 0, ue eyŽ1 r2 k . t . 4Ž . Ž . Ž . Ž .e e e e
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Ž .Using relationship 3.6 we get
E t , ue , u e F 4 E 0, ue 0 , u e 0 eyŽ1 r2 k . t .Ž . Ž . Ž .Ž .e e
Ž e e . Ž e e . Ž e e . Ž e e .Note that E t, u , u F E t, u , u and E 0, u , u s E 0, u , u ;e e
therefore,
E t , ue , u e F 4E 0, ue 0 , u e 0 eyŽ1 r2 k . t .Ž . Ž . Ž .Ž .
From the lower semicontinuity of the energy and from the strong conver-
gence of the initial data, we finally get
E t , u , u F 4E 0, u0 , u 0 eyŽ1 r2 k . t ,Ž . Ž .
which completes the proof.
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